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Let p, be an algebraic polynomial of degree » with real coefficients. Employing
an inequality of G.Szegh, we study the extremal property of the integral
L (Pr(x))* (1 —x?) dx subject to the constraint | p,|,, <1.  © 1992 Academic

Press, Inc,

1. INTRODUCTION

In 1979 G. K. Kristiansen [3] proved the following extension of the
Markov inequality. We may describe his main theorem as follows.

TueoreM A. Lef nz 1. Let ¢:[0,n’] > R be such that the function
(6(x)— @(0))/x is positive and nondecreasing. Let p, be any real algebraic
polynomial of degree n, such that | p,(x)| <1 for —1<x<1. Then the
Sunctional [ $(| pi(x)|) dx assumes its maximal value if and only if
p,=T,(T,(x)=cos nb, cos § =x).

In particular, it follows that if g€ [1, o), then for every algebraic polyno-
mial p, of degree n, we have

1/q

1 Yg /o1
(]t ax) "<( [ 1mtrax) " max 1paol ()

Moreover, the equality is artained if and only if p,= +T,.

Remark. Tt may be noted that B.D. Bojanov [1] also obtained an
elegant solution of (1.1).

Let H, be the class of all real polynomials of degree n bounded by 1 on
the interval —1<x<1. S.N.Bernstein (cf. [7, Theorem 1.22.3, p.57)
proved that the supremum norm of (1—x?)Y2pi(x) on [—1,1] for
arbitrary p, € H, is maximum if p,, = T,. In view of Theorem A, it may be
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EXTREMAL PROPERTIES OF POLYNOMIALS 49
asked if the LY norm of (1 —x2)V2? p/.(x) (p,€ H,) is also maximized by T,

for all g€ [1, o). The following theorem answers the above problem in the
important case g = 2. More precisely, we prove.

TueoREM 1. If p,€ H, then we have

[ a=speraen(1e =)=

1
! >=[ (1—*NTUx)dx (12)
1
with equality only for p,=T,.

Our next theorem concerns the following extension of Theorem A.

TeEOREM 2. If p,€ H,, then we have

1

[ Gy ) Pax< [ (TP a -2 R dx (13)

Remark. 1t is interesting to note that the corresponding extension of
Theorem A to

[ i as| (Tioras

under the assumption that p, € H, remains an unsolved problem.

2. PrRoOOF oF THEOREM 1

Set
t,(0)=p,(cos 0) =p,(x). 21
Then ¢, is a purely cosine polynomial of degree < n. Further, we have
50)=—(1—x)"p(x),  n(0)=(1—x)p;(x)—xp,(x). (22)

From (2.1), (2.2), and integration by parts, we obtain
1
2] (=) ph(x)) dx
-1

= J"" ((£.(0))> = 1,(0) £(0)) sin 0 dO — j cos 0t,,(0) £,(0) db.
4] ]
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A further integration by parts yields

1.(0) + 13(m)

f” cos 01, (0) £ (0) df = —<
0 2

We therefore obtain
1
2 (=x)p, () dx
-1

= f ((£,(6))*—1,(8) 17,(9)) sin 0 dO

+4e2(m) + 220)) =4 [ £2(6) sin 0 db.

Next, we observe that

L= (6(6)) ~1,(0) £5(0)) sin 6 de—lj" £2(0) sin 6 db
0 2o

2 2wt

LT[ (22 e

(1 )f [(£,(8))* +n*2(0)] sin 6 db

L ’ 2 1 = 5 Y ) .
+2n2 L (,(8)) 51n9d9—2n2 fo (n%t,(0) + £.(6))? sin 0 db.

Lpm o
>+5f0 12(0) sin 0 df.

(2.3)

(2.4)

Let ¢, be any real trigonometric polynomial of degree at most n such

that |£,(0)] <1, 0< 0 < 2x, then we have

n*t2(0) + t,2(0) < n’.

This inequality is due to G. Szegd [6, p. 64].
Applying Bernstein’s inequality, we then obtain

(59" 4 (5O <.
n n

From (2.4), (2.5), (2.6), and
1

f” (1,(0))*sin 0= [ (1—x*)(p}(x))* do,

(2.5)

(2.6)

2.7)
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we have

I <<l—~1——) 2n2+nz+ij1 (1—x7)(p(x))* dx
"SR\ 2m? 2n?) g

1 T
~ 33 [ 022,(0)+ 1;(0)y sin 0 db. (2.8)
[y

Now, from {2.3), (2.4), and (2.8), we have
2 (1=x)(ph(x))” dx
<k (22(0) + 2(n)) +n? <1 ——1~>
S " n?
1 1
s [ (1= () dx
—-1— r (n?t,(8)+ £.(0))* sin 6 db. (2.9)
O

2n?

But (2.9) is equivalent to

(2-2_:1_2) fil (1= x2)(p, (x))* dx<2n2—%(1 —tﬁ(O))——i—(i — 4(m))
<2n?

from which (1.2) follows.

Let p, be any polynomial of degree »n belonging to H, but different from
the Chebyshev polynomial T,. In this case equality is not possible in (2.9).
To see this it is enough to note that the last term in the right hand side of
(2.8) will be zero if and only if ¢ () + n?t,(6)=0.

3. PROOF OF THEOREM 2.

Before proving Theorem 2, we state and prove two auxillary lemmas. Let
us denote by

(2i—1) .
§——,i=

X;=CO0 o

in
1,2, .., n, y;=cos—,i=1,2 ., n—1, 3.5
n

the zeros of T,(x)=cosmnd, cos O=x, and U, ,(x)=sinnf/sin b,
x = cos 0, respectively.
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LemMma 3.1. Letgq,_, be aﬁy algebraic polynomial of degree <n—1 such
that

[gu_ 1 (N <A =x7)72, 0 i=1,2,.,m, (32)
where the x/s are given by (3.1). Then we have

lg, 1 <IU, (I, i=12,.,n-1 (33)

and
lg, - (DI<IU,_ (D], Mg (=DISIU, (=1,  (34)
where the y/s are as given in (3.1).

Proof. The proof of this lemma is analogous to [2, Lemma 1, p. 518].
By the Lagrange interpolation formula based on the zeros of T,, we can
represent any algebraic polynomial ¢, _, of degree at most n—1 by

n(x)

Gn-1(X)= an (%) 2 —r (=X (3.5)

On differentiating both sides with respect to x and using (3.2), we have

lq, l(y,)l\ Z 1L () (3.6)

ni:I(y'_x )2

Also, it is easy to see that

T,(y) & 1
Uia)= 2 5 s

(3.7)

Therefore, we may conclude that

quwl(y/)[<’U4~1(yj)|, j=1_:27"‘>n—1'

This proves (3.3). The proof of (3.4) follows similarly and so we omit the
details.

LemMa 3.2. Let q,_, be an arbitrary algebraic polynomial of degree at
most n— 1 satisfying (3.2). Then

[ @oawra—erras] @ @ra-2ra 63)

Proof. The proof of this'lemma follows from Lemma 3.1 and a quad-
rature formula of Micchelli and Rivlin [4, formula (19), p. 127. According
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to this quadrature formula for every polynomial p,, , of degree at most
2n— 1, we have

1
[ pa (01— %) 2 dx
—1

n—1
=%[p2n_1(1)+p2n1(—1)+2 ) pzn_l(y,-)], (3.9)

i=1

where the y/s are as given in (3.1). From (3.3), (3.4), and (3.9), we have

1

J @) =2 P

%[(U;_l(mmw1(—1>}2+2 Y. (Uri—1<yf)>z]

=

[ W =) e

This proves Lemma 3.2. We are now in a position to prove Theorem 2.

Proof. Let p,e H,. Then by Bernstein’s inequality, it follows that

| po(x) <n(l—x*)~172 —1<x<l.
We define
A (x)
4,1 (0 =22,
Then clearly
lg, 1 () < (1—x%)"13 —l<x<l.

Therefore the conditions in Lemma 3.2 are satisfied. Hence, we obtain from
the lemma

fl (@n 1 (1)) (1=x7) 747 dx<fil (U3 (0))? (1= x*) "7 dix.

We can rewrite the above as

fl (Pii<x))2(1—x2)—“2dx<n2fl (Up_ 1 (x))* (1 — x2)~ 12 dx

=j1 (T () (1 — %)~ "2 dx.

This proves Theorem 2.
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